Abstract. This paper mainly studies the optimal order size, the maximum shortage level and the optimal delivery times to maximize the total joint annual profits of inventory. To end this, we establish an inventory model which consists of a vendor and a buyer. For more close to the actual, we consider the several realities of situations, such as imperfect quality, multiple screening, inspection errors and shortage backordering. We then use the optimal theory to get the optimal decision of order size, the maximum shortage level and the optimal delivery times. Based on it, we also find two useful managerial insights. First, the vendor and the buyer do not need pay attention on changing order size and maximum shortage level when defective probabilities changes. Second, we propose a feasible method to find the specific delivery times. Finally, we further illustrate our finding by using numerical experiment.
Introduction
Integrated inventory management has recently enjoyed a great deal of attention. Many famous firms, such as P&G, Wal-Mart, Campbell Soup, Johnson & Johnson, have been attempting to achieve greater collaborative advantages with their supply chain partners in the past few decades. For example, P&G and Wal-Mart have achieved a win-win plan through production and marketing alliance. Yao et al. (2010) [1] developed an inventory model under VMI pattern, in which a manufacturer may use an incentive contract to obtain market share, thereby lower inventory at the distributor being associated with a higher conversion rate of lost sales stock-outs to backorders. Cao and Zhang (2010) [2] showed us the supply chain collaborative advantages from a firm's perspective. More specifically, the supply chain collaborative advantages can be formulated from five aspects: process efficiency, offering flexibility, business synergy, quality and innovation. Hoque and Goyal (2000) [3] developed an optimal policy for the single-vendor single-buyer integrated production-inventory system under the capacity constraint of the transport equipment with both equal and unequal size from the vendor to the buyer. All these literatures indicate that the vendor and the buyer should work together in a cooperative manner towards maximizing their mutual benefits or minimizing their mutual costs.
Based on the above, many researches further consider some reality factors. Huang (2002) [4] and Hsu and Hsu (2012) [5] extended the integrated vendor-buyer inventory model by considering imperfect-quality items with equally sized shipment from the vendor to the buyer. Yoo et al. (2009) [6] suggested two inspection errors usually could be found in inspection process which meant an inspector could incorrectly classify a non-defective item to be defective (a Type I error) or incorrectly classify a defective item to be non-defective (a Type II error). Salameh and Jaber (2000) [7] took permissible shortage backordering and the effect of varying backordering cost values into consideration. Hsu and Hsu (2013) [8] and Tai (2013) [9] further consider lot size and the maximum shortage level. Krajewski et al. (2012) [10] discuss the method to get the optimal inventory police under considering these factors.
This paper makes at least two important contributions. First, almost all extant researches just consider either inspection errors in a single screening process or multiple screening processes with no screening errors. This paper applies the inspection errors (a Type I error and a Type II error) into the multiple screening processes. Second, almost all extant researches just consider rework the defective items from the screened out by the buyer. This paper further considers the returned items from consumers.
Notation and assumptions
We consider the inventory model with a single vendor and a single buyer. The following notations are used in our model. T , 2 T and c T : Respectively denote Time interval between successive deliveries of Q units, Period during which the vendor produces new products made from raw materials, Period during which the vendor supplies from inventory which comes from raw materials, and Cycle time In this section, we mainly derive the optimal order size, the maximum shortage level and the optimal delivery times to maximize the total joint annual profits generated by the vendor and the buyer. To end this, we first study the optimal order size and the maximum shortage level, and get the following proposition. The expected annual profit is 
Proposition1. ( , , ) ETPU n Q B is jointly concave in ( , )
QB and the optimal Q and B have the following expressions: 
The key point is to determine the value of n that maximizes ( , , ) ETPU n Q B . Since ( , , ) ETPU n Q B is a complicated function of n , it is very difficult to get the analytical solution. What's more, n is a series of discrete positive integer. Consequently, we can obtain the optimal * n by using the following way. Substituting * () Qnand * () Bn into the expression of ( , ( ), ( )) ETPU n Q n B n , we get the expression of ** ( , ( ), ( )) ETPU n Q n B n . If we find a n is subject to the following two inequalities (5) and (6) , that means we have obtain the optimal * n . * * * * ( , ( ), ( )) ( 1, ( 1), ( 1)) 
Numerical experiments
In this section, we suppose that there are five types of screening processes, ( 1,...,5)
i Si 
. The values of the exogenous parameters have been shown in Tables 1 and 2 . 
Conclusions
In this paper, we develop an integrated vendor-buyer inventory policy for items with imperfect quality, multiple screening, inspection errors and shortage backordering. We mainly get the optimal order size, the maximum shortage level and the optimal delivery times. We also find two useful managerial insights. First, the vendor and the buyer do not need pay attention on changing order size and maximum shortage level when defective probabilities changes. Second, we propose a feasible method to find the specific delivery times.
Two possible extensions of this work can be adopted. Firstly, instead of considering the screening work at the buyer's place, we can consider having the vendor inspect the items and deliver the detected good-quality items to the buyer. Secondly, an item could be divided into good, rework or scrap and only the rework item can be refurbished.
